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ABSTRACT  

In the present work new equations are derived governing the joint, response-excitation, 
probability density function  of roll motion 1 2( ) ( ) ( )yx t x t t& ( , ),f ba a ( )tx , roll velocity x( )t&

( )ty

 and excitation 
, for a ship sailing in a seaway, without any simplifying assumptions concerning the correlation 

and probabilistic structure of the excitation. Both external excitation, due to wind and waves, and 
parametric excitation, due to varying restoring coefficient, are considered. The derivation of new 
equations is based on Hopf’s characteristic functional approach. These equations are compared 
(after taking the marginal with respect to the excitation) with the corresponding classical Fokker-
Planck-Kolmogorov equations obtained under the assumption of delta-correlated excitation. 
Techniques for the numerical solution of the new equations are under development and will be 
presented in the near future.  
 

Keywords: Ship roll motion; stochastic modeling of non-linear dynamical systems; stochastic excitation; stochastic parametric 
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1. INTRODUCTION 

Wave and wind loads on ships and 
structures in the sea are very successfully 
modelled as stochastic processes. Wave loads 
on ships can be considered as Gaussian or 
nearly Gaussian, smoothly-correlated, stocha-
stic processes. Wind velocity and wind loads, 
also important for roll motion, can be con-
sidered as superposition of a steady mean and 
two randomly fluctuating components; one 
modelling the background turbulent wind flow, 
which is nearly stationary and nearly Gaussian 
with a broad-band spectrum (Simiu and 
Scanlan 1986, Ch. 14; Belenky and Seva-
stianov 2003, Sec. 8.2.1), and a second one, 
modelling squalls, which should be considered 
non-stationary and non-Gaussian (see, e.g., 

Belenky and Sevastianov 2003, Sec. 8.2.2, 
Michelacci 1983). Concerning ship motion 
responses, the determination of their probabi-
listic characteristics is straightforward as far as 
the assumption of linearity is (approximately) 
valid, and the excitation can be simplified as 
Gaussian. See, e.g., Price and Bishop (1974). 
When strong nonlinearities are present, and/or 
the exaction cannot be considered Gaussian, as 
in the case of roll motion, probabilistic 
characterization of the response is a difficult 
problem, calling for specific modelling techni-
ques and advanced mathematical tools. 

The rolling motion is perhaps the degree of 
freedom of ship dynamics attracted the most 
attention. This is perfectly justified since roll 
motion is easily excited in the sea, most 
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pronounced, highly nonlinear and most 
dangerous; see, e.g., Belenky and Sevastianov 
(2003). The complicacies of the dynamics of 
roll motion are due partly to the nonlinearities 
in the restoring moment term and the damping 
term, and partly to the excitation mechanisms, 
which include external excitation by waves and 
wind, as well as parametric excitation. The 
latter is usually expressed by means of one or 
more time-varying (stochastic) coefficient(s), 
multiplying roll motion or roll velocity. The 
origin of parametric excitation is attributed 
either to heave-roll/pitch-roll nonlinear inter-
actions (see, e.g. Oh, Nayfeh and Mook 2000, 
Neves and Rodriquez 2007, and references 
cited there), or/and to surge-roll nonlinear 
interaction (Spyrou 2000), or to a quasi-static 
variation of the GZ curve as the ship is sailing 
in waves (Belenky and Sevastianov 2003, 
Bulian 2005).  

Although the investigation of nonlinear roll 
response under harmonic wave excitation 
(external or parametric) is an indispensable tool 
for the understanding of ship dynamics (see, 
e.g., Belenky and Sevastianov 2003, Bulian 
2005, and the survey by Spyrou 2005), we 
should not forget that a ship operates in the sea 
and is subjected to real-world wave and wind 
excitation. In this paper we focus on the latter 
situation, aiming at the derivation of an 
appropriate probabilistic reformulation of the 
roll problem for ships sailing under the 
influence of irregular external or parametric 
excitation. The theory to be developed will 
cover the general case of any smoothly-
correlated stochastic excitation, stationary or 
non-stationary, Gaussian or non-Gaussian.  

One of the best ways to study the realistic 
roll response in the sea is to formulate (and 
solve) an equation governing the evolution of 
the joint probability density function (pdf)(1) of 
roll motion and roll velocity. Early attempts in 
this direction, made by Haddara (1974, 1983), 
Haddara and Zhang (1994), Muhuri (1980), 
and others, were based on the assumption that 

                                                 
(1)  All abbreviations used are listed in Appendix A.  

the excitation (external or parametric) could be 
considered as a Gaussian, white-noise (delta-
correlated) process. Under this assumption the 
roll response becomes a Markov (diffusion) 
process, and the arsenal of Itô calculus and Itô 
SDEs is available. Thus, it is possible to derive 
a FPK equation, describing the evolution of the 
joint pdf of roll motion and roll velocity.  

As has been already mentioned, the 
assumption of Gaussian, delta-correlated exci-
tation is rather unrealistic for a ship sailing in 
the sea, under the combined effect of wind and 
waves. In fact, the model of a delta-correlated 
excitation can be applied only when the 
correlation time of the real excitation is much 
smaller than the relaxation time of the system 
responses (see, e.g. Lin 1986, Roberts and 
Spanos 1986), which is not the case for the ship 
roll problem.  

In many cases, but not always, it is possible 
to overcome this difficulty by using a specific 
technique, known as the stochastic averaging 
method. This method was first introduced in 
early sixties (Stratonovitch 1963) and made 
rigorous, under clearly stated assumptions, in 
1966 by Khasminkii. The main feature of the 
method is to find a characteristic quantity of 
the oscillation, e.g. the amplitude of the 
response envelope or the total energy of the 
system, which varies much slower than the 
fluctuation of the stochastic excitation. Then, 
this slowly varying quantity can be considered 
as a Markov process, satisfying an Itô SDE. 
The last step of this approach consists of the 
calculation of the coefficients of the Itô SDE in 
terms of the dynamical parameters of the 
system and the correlation structure of the 
initial stochastic excitation. Among the very 
extensive relevant literature, we refer to the 
works by Ibrahim (1985), Roberts and Spanos 
(1986), Red-Horse and Spanos (1992), Lin an 
Cai (2000). See also Cai and Lin (2001), where 
the stochastic averaging method is compared to 
other methods and some of its limitations are 
pointed out. Variants of this methodology 
applied to ship rolling problem as early as 1973 
(Haddara 1973, 1980, Roberts 1982). An 
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advantage of the method is that the slowly 
varying amplitude turns to be uncoupled with 
the phase processes, resulting to an easily 
solvable, 1+1(time) dimensional FPK equation. 
Furthermore, through a consideration of the 
related phase processes, it is possible to obtain 
an approximate expression for the joint 
(stationary) pdf of roll motion and roll velocity; 
see, e.g., Roberts & Dacunha (1985), Roberts 
(1986). The method is thoroughly re-examined 
in Roberts and Vasta (2000), where also an 
extensive survey of the previous works is 
presented. Further elaboration of the stochastic 
averaging method for the study of large ship 
roll responses in head irregular seas has been 
presented by Kreuzer and Sichermann (2007).  

Another way to model satisfactorily the 
wave excitation due to a realistic Gaussian sea, 
while keeping a close connection with the 
standard mathematical techniques of Itô SDEs 
and FPK equation, is by augmenting the 
dynamical equations with a linear filter, excited 
by a delta-correlated process and providing as 
output a process modelling the realistic 
excitation. Filter description of wave field and 
wave excitation have been developed by 
Spanos (1983, 1986), and other authors, and 
have been applied to the model-ling and 
analysis of ship roll motion by Francescutto 
and Naito (2004) and others. The method is 
rather general and effective as far as the 
excitation is Gaus-sian. A disadvantage of this 
method is that the dimensionality of the 
augmented system (initial dynamical system 
plus the filter) becomes high, making very 
difficult the numerical solu-tion of the 
corresponding FPK equation. For example, the 
augmented system for the roll motion obtained 
by Francescutto and Naito (2004) has 6 degrees 
of freedom and, thus, the corresponding FPK 
equation has 6+1 (time) independent variables. 
Nevertheless, this formulation can be used for 
the systematic derivation of moment equations, 
providing valuable information about roll 
dynamics.  

Apart from the above techniques for 
modelling the problem of the probabilistic 

response of a stochastically excited dynamical 
system, another possibility has been recently 
pointed out by Athanassoulis and Sapsis 
(2006). It is based on a generic approach 
introduced in 1952 by Eberhard Hopf, which 
treats the evolution of the underlying, infinite-
dimensional, probability measure, associated 
with the involved processes, by means of the 
evolution of their joint characteristic functional 
(Ch.Fnl). The very demanding mathematical 
apparatus of this method is the price to be paid 
for the ability to treat any kind of stochastic 
processes (especially, non-Gaussian, smoothly-
correlated ones). The Ch.Fnl approach has been 
extensively used in the statistical modelling 
and analysis of turbulent flows (see, e.g., Lewis 
& Kraichnan 1962, Beran 1968, Vishik and 
Fursikov 1988). The application of this 
approach to treat stochastically excited ODEs 
was discussed by Beran (1968), Ch.3. Little 
progress, however, has been reported in this 
direction, since most authors tend to avoid the 
use of the, somewhat obscure, concepts from 
infinite-dimensional calculus like Ch.Fnl. and 
FDEs. A notable exception is the work of 
Kotulski and Sobczyk (1984), who presented a 
closed form solution for the Ch.Fnl of a 
stochastically excited linear oscillator and other 
linear problems. In the present paper, the 
Ch.Fnl approach is exploited along the lines 
introduced by Sapsis and Athanassoulis (2008), 
in order to obtain new PDEs governing the 
evolution of the joint, response-excitation, ch.f 
and pdf of roll response (motion and velocity) 
and excitation (either external or parametric). 
Thus, the functional calculus and FDEs part of 
the analysis is used only for discovering the 
new PDEs which, although more complicated 
than the usual FPK equation, seem to be 
amenable to numerical treatment. Techniques 
for numerical solution of these equations are 
under development by the same authors and 
they will be presented in the near future. 
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