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ABSTRACT

The paper describes the numerical implementation of the Split-Time method with a full account of
stability variation in waves. Split-Time method gathers data on the difference between the
instantaneous and critical roll rate at the instant of upcrossing of the intermediate threshold. This
data appears to be a good metric for predicting capsizing and can be extrapolated with an
exponential distribution. The paper also looks into the meaning of a perturbation of the roll rate at
the instant of upcrossing, showing its relation with classic definition of ship stability and the general

definition of motion stability of a dynamical system.
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INTRODUCTION

The idea of the split-time method is to separate
the very complex problem of predicting the
probability of capsizing in irregular waves into
two simpler problems: non-rare and rare. The
non-rare problem is an upcrossing of an
intermediate threshold, while the rare problem
focuses on the conditions at the instant of
upcrossing that would lead to capsizing or a
large angle of roll. The non-rare problem is
meant to be solved through the direct statistical
processing of time-domain motion data so the
intermediate threshold is expected to be low
enough that upcrossing statistics may be
evaluated directly. The rare problem is solved
by perturbing the roll rate at the instant of
upcrossing in order to find the value that leads
to the specified stability failure. The general
scheme is illustrated in Figure 1, the inset
shows the perturbations.

A comprehensive overview of the development
of the method has been recently published by
authors (Belenky, et al. 2012); the results
described in this paper may be seen as a direct
continuation of the cited paper.
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Fig. 1 Concept of Split-Time Method (Belenky, et al. 2012)

PROBABILITY OF CAPSIZING

With the separation of the problem described
above, the probability of capsizing during time
T is expressed as

P(T)=1-exp(-£P.T) (1)

& is upcrossing rate through the intermediate
threshold (non-rare problem) and Pc is a
probability of capsizing after the threshold has
been crossed (rare problem). As the
intermediate threshold is set low enough to
observe upcrossings, the non-rare problem does
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not present a great challenge and most of the
focus is on the rare problem.

Capsizing after upcrossing is associated with
an exceedance of a critical roll rate by the roll
rate at upcrossing, where the critical roll rate is
defined as the minimum roll rate at upcrossing
which leads to capsize. In principle, the critical
roll rate ¢, (t) can be defined at any instant of

time, so the difference between the
instantaneous and critical roll rates defines a
process:

y(t) = g () — o(t) )

Where ¢ is an instantaneous roll angle and the
dot above the symbol stands for temporal
derivative. The probability of capsizing after
upcrossing is expressed as:

P, = [ f.(y)dy ©)

The probability density distribution f; refers to
the values of the process y(t) taken at the
instant when the process ¢(t) up-crosses the
intermediate threshold ¢mo. The distribution of
the process y at upcrossing can be expressed as
(Belenky et al. 2011):

[ 9 (0= o, 6, ¥) b

fo(y) =2 — @
[ 9 (&= o, 6) d
0

The evaluation of the integral (4) numerically
represents significant difficulties as it would
require fitting a joint distribution of roll and the
instantaneous and critical roll rates. The fact
that roll angles and rates are not correlated does
not provide any noticeable simplification, as
for non-Gaussian processes the absence of
correlation may not mean independence. In
particular, the dependence of roll and roll rate
may be significant in stern quartering seas
(Belenky, et al. 2012).

To avoid these numerical difficulties, the
critical roll rate should be calculated at the
instant of upcrossing only. Thus, only the
distribution f.(yc) needs to be modeled.

PERTURBATION AND DEFINITION OF
STABILITY

The critical roll rate is calculated by repeating
the numerical integration of the equations of
motion starting from the instant of upcrossing.
The roll rate at upcrossing is perturbed and
used as part of the initial conditions while all
other initial conditions remain the same.

The numerical procedure is expected to be used
with an advanced hydrodynamic code and be
code-independent. The only requirement is
restart capability. For numerical codes that
model ship motions using integro-differential
equations with hydrodynamic memory effects,
the complete potential solution must be saved
at the instant of upcrossing. However, simpler
models without memory effects can be used for
the development of the procedure; provided
that they capture the stability variation in
waves, which is essential for modeling
phenomena such as pure loss of stability.

Weems & Wundrow (2013) describe a 3-DOF
hybrid model that uses a volume-based
calculation for the nonlinear Froude-Krylov
and hydrostatic forces. Diffraction and
radiation are modeled with coefficients, so
there are no hydrodynamic memory terms, but
the inseparability of excitation and restoring
are included. Thus, this model is “half-way”
between a hydrodynamic code and a dynamical
system described with ordinary differential
equations (ODEs).

Sample calculations were performed for ONR
Topsides Series tumblehome configuration
(Bishop et al. 2005) at zero-speed in stern-
quartering long-crested seas, modeled using a
Bretschneider spectrum with a significant wave
height of 11.5 m and modal period of 14 s.

Figure 2 shows the final three iterations for the
calculation of the critical roll rate at one time
instant of upcrossing. It is important to note
that all of the perturbed solutions with an initial
roll rate below critical converge to the
unperturbed solution.

One may pose the question of why the
perturbations are applied only to roll rate, while
ship motions are modeled with three degrees of



International Ship Stability Workshop 2013

Proceedings of the 13™ International Ship Stability Workshop, Brest 23-26 September

freedom (heave, roll and pitch). According to
d’Alembert’s principle (see, €.g., Synge &
Griffith 1959 or McCuskey 1962), the sum of
the differences between the total forces acting
on a system of mass particles and the time
derivative of the momentum of the system is
zero along any virtual displacement:

Z(Fi _miWi)'Sri =0 ()

Here i is the index of a particle of the system,
Fi is the total force on the particle (excluding
constraints), m; is the mass of the particle, w; is
the acceleration of the particle, and or; is the
virtual displacement of the i-th particle,
consistent with constraints. In particular, for a
rigid body, d’Alembert’s principle allows
interpretation of a dynamical problem as a
static problem by including inertial forces in
the equations of equilibrium. Thus, at every
time instant, a ship may be considered in a
dynamical equilibrium if inertia forces are
included.
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Fig. 2: Final iterations of calculation of critical roll rate

Euler (1749) defined a stable ship as “being
inclined by external forces returning back to its
original position, once the forces ceased to
exist.” A perturbation on roll rate can be
considered as the application of a force for a
very short time, and stability can be claimed if
the ship subsequently returns to its original
equilibrium, which in this context means the
original, unperturbed time history.

At the same time, response of a dynamical
system is defined as (asymptotically) stable if,
after a perturbation, the perturbed response
tends to the unperturbed response.

Thus, both Euler’s definition and the general
definition of motion stability are equivalent and
consistent with the perturbation approach and
critical roll rate represents a stability boundary
at the given instant of time

RARE PROBLEM

General Approach

The essence of the rare problem is modeling
the distribution of the difference between the
critical and the instantaneous roll rate y. at the
instant of upcrossing. A histogram of this value
is shown in Figure 3 based on upcrossing data
from 20 records, each of half-hour duration.
The upcrossing threshold was set to 13 degrees,
which provides a sample with Ny=207 data
points. There were no capsizings observed

during this particular dataset, so all the
available data points are positive.
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Fig. 3: Histogram of the difference between the critical and the
instantaneous roll rate y, at the instant of upcrossing.

Actually, the modeling of the entire
distribution of y. is not necessary to be able to
calculate probability of capsizing after
upcrossing; only the tail of the distribution is
needed. There is a proof (Leadbetter et al.
1983, see also Coles 2001) that the tail (i.e. the
part of the distribution beyond a certain value
a) can be approximated with generalized Pareto
distribution (GPD):

1 - *(“%]
rexp(—A(x—a)) k=0

Where k is a shape parameter, while ¢ and A
are scale parameters.
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Properties of the Tail

It can be seen from (6) that the exponential
distribution is a particular case of GPD. It is
possible to show that the distribution (4)
actually has an exponential tail when used with
the closed-form expression available for a
piecewise linear system (Belenky et al. 2012):

fx (¢m0! yc)
f .
V=7 (o)

o O djny exp[_ (md|xy(yc)) ] )

N 267,

+ mdlxy(yc) l—erf _ md|xy(yc)

2 \/Esdlxy
where fyy is the joint normal distribution of the
“carrier” process X and the difference between

the critical and instantaneous roll rates y. The
carrier process x(t) is defined as:

X() = ¢(t) = om () + dmo (@)

Were ¢n(t) is a random component of
maximum of the piecewise linear stiffness,
while ¢mo is its mean value corresponding to
“calm water” case. The derivative of the carrier
process is identified with the symbol d(t). The
symbols mgyx, and ogyxy are the conditional
mean value and conditional standard deviation
of the derivative of the carrier process
evaluated for particular values of the processes
x and y, based on normality of all three
processes: X(t), y(t) and d(t):

Gy

mdlxy(y) = 2
1-r, o
9
% (y_my)ryd _ (I)moryd I’xy
o, o,
-1 =12
_ Xy yd
Ody = O 2 (10)

Xy

o with a subscript stands for standard deviation
of the corresponding process while r with two
subscripts stands for a correlation coefficient
for these two processes; my is a mean value of
the process of differences between the

instantaneous and critical roll rate taken at any
time instant (which is different from the time
instant of upcrossing).

Finally & (dmo) is the upcrossing rate for the
carrier process over the level of ¢mo.

The error function erf is defined here as:

erf(z) :% _[exp(—u?Jdu (11)

Formula (7) is a product of normal distribution
fxyand the following expression:

() = j%exp[(mZGMJ
dlxy

+ mdlxy(yc) 1—erf| — mdlxy(yc)
2 \/Eccuxy
The mean value of the process y(t) (calculated
at any point) must be a positive value, in
particular it equals 0.396 in the example
considered in (Belenky et al. 2011). That
means that the negative values of y. are
relatively far from the mean value and formula
(12) is dominated by the linear function (9);
this gives the distribution (7) its negative skew,
see Figure 4. All numerical parameters are
taken from (Belenky et al. 2011). That means
that the negative tail distribution (7) is made up
of the tail of the normal distribution and a
linear function with negative slope. Indeed, the
tail is exponential.

(12)
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Fig. 4: Theoretical distribution of the difference between
instantaneous and critical roll rate at the instant of upcrossing
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Fitting Exponential Tail

Prior to fitting the exponential tail to the
sample of differences between critical and
instantaneous roll rates taken at the instant of
upcrossing, it is convenient to convert the data
to positive skew and tail:

U, =Lf -y,

Lf = max(y,) (1)

The probability of capsize after upcrossing is:
P, = [ f(u,)dy, (14)

Lf
The next step is to find where the tail starts,
which is the value a in formula (6). Following
the procedure described in Coles (2001), a
series of thresholds for uc are introduced. For
this numerical example, 12 thresholds are
chosen to have 10 points above the highest
threshold and 30 points below the lowest
threshold. Fitting the tail means calculating
parameter A in formula (6). It is carried out
with the method of maximum likelihood
estimation (MLE). The log likelihood function
IS expressed as:

N(a)

1) = Zln(f (u. ) (15)

Where the f is the exponential distribution with
the parameter A; N(a) is the number of data
points u; above the threshold a. The » or “hat”
symbol above the symbol means “estimate”.
The maximum likelihood estimate for the
parameter | is computed from the condition:

i) o (@ - J

A — A In f Ui y 7\, = 0 16
O\ ax(iz-ll ( ( )) 1o

This leads to the following expression for the

estimate of the parameter, which is a function
of the threshold a.

) N(a) -
x(a)z(iZ(ui—a)j L)

N(a) 5 1, (a)
my(a) is the mean value of the data above the
threshold a.

As any other estimator, the parameter in (17) is
a random variable and has to come with a

confidence interval. Since the number of data
points is rather large, it seems to be logical to
assume normal distribution; thus the mean
value and the variance of the estimate need to
be found.

Formula (17) can be interpreted as the
deterministic function of the random argument
of the mean value of the data points:

h=g(m,) =" (18)

As any other function, it can be expanded into
a Taylor series in the neighbourhood of the
mean value of the estimate; only the first order
terms are kept:

g(mx) ~ g(mu) + g'(mu )(mx - rﬁu) (19)
The function (19) is a linear function of the
random argument; it is the mean value estimate
of the data above the threshold. The mean

value and the variance of the argument are
known:

E(, ()=, (a)
V, (a) (20)
N(a)

Here V,(a) is the variance of the data points
above the threshold a. Since an exponential
distribution is assumed, the variance is equal to
the square of the mean value:

v, (a) =(m, (a)f (21)
The mean value and the variance of the linear
function (19) can then be expressed as:

E(g(m,))=g(,) =4

Var(g(mh,)) = (g'(h,))*Var (i, ) =

Var (i, (2)) =

i (22)
N(a)

Figure 5 shows these estimates with 95%
confidence interval as a function of the
thresholds. This plot allows the threshold
where tail starts to be found. Since equation (6)
is a good approximation of the tail, once it is
legitimate it does not depend where the
threshold is set. That mean that once the tail
starts, the parameter estimates are statistically
identical and a horizontal line plotted from the
lowest “eligible” threshold will cross through
the confidence intervals of all thresholds above
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it. According to Figure 6, the tail starts around
a=0.25 rad/s with N(a)=101 data points
remaining above the threshold. Figure 6 shows
a histogram of the data above that threshold
and the fitted exponential tail (please note the
change of the bin size of the histograms in
Figures 3 and 6 due to change in the volume of
data and its variance).
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Fig. 5: Parameters of the exponential fit of the tail
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Fig. 6: Exponential fit for the tail
Probability of Capsizing after Upcrossing

Once the tail has been fit, the estimation of the
conditional probability of exceeding the level
Lf, associated with stability failure, is
straightforward:

|5LfIa =P(u > Lf|u>a)

:exp(— A(LF —a))
Calculation of confidence of interval of the
estimate (23) is easy; the distribution of the
estimate of the parameter A was assumed
normal and its variance is already known, see
equation (22). Taking a logarithm from both
parts of equation (23) leads to:

In(B,, )= -A(Lf —a) (24)

The logarithm of the estimate is a deterministic
function of the random variable and it is linear;

(23)

thus the logarithm of the estimate also has
normal distribution with the mean value equal
to the logarithm of the probability estimate
itself and the variance calculated as:

. , A2
Var(PLfla):(Lf ~a) N® (25)
The second component of the probability of
capsizing is the probability to exceed the
threshold a. Its estimation does not encounter
any principle difficulties:

B =P(u>a)=r M@ N(@) (26)
NY
Confidence interval for the estimate of

probability P, can be evaluated using binomial
distribution for the estimate:

|OW(|Sa)= QB(O.s(l_ Pﬁa)’ Ny.p= FA)a)
N @D
olp)= 2 0.5+ Pﬁl\sl), N,.p=P,)

Where Qg is a quantile (inverse of the
cumulative distribution function) of the
binomial distribution; the first argument is the
probability corresponding to the quantile, the
second argument is a number of Bernoulli trials
and the third argument is a probability of
“success” in the individual trial. The
confidence probability Pgsz is a confidence
probability for a component. Since the formula
(1) contains three estimates, the confidence
probability for each of them is calculated as:

PB3 = 3{/3[3 (28)

Where Py is desired confidence interval for the
estimate of probability of capsizing 95% used
in this numerical example

The complete rare problem, i.e. probability of
capsizing after the upcrossing, is calculated as

F,SC = F,Sa ’ I:,SLfla (29)
Boundaries of the confidence interval are
calculated using the product of corresponding

boundaries of the estimates in equation (29).
low (I5C )= low (I5a ) low (ISL”a)

30
(e )=up(B.)-up (6., 0
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COMPLETE SOLUTION

Non-Rare Problem

The solution of the non-rare problem is
relatively simple within the framework of the
adopted approach. The rate of upcrossing of the
intermediate threshold ¢, needs to be estimated
(not to be confused with the threshold for the
differences between critical and instantaneous
roll rate at the instant of upcrossing). By this
definition, the threshed must be chosen in a
way that the number of upcrossings becomes
representative. For the threshold ¢,»,=13 deg in
the considered numerical example, there were
Ny=207 upcrossings. The upcrossing rate can
be estimated as

g
N,N, At
Where Ni=3600 is the number of points in each
record, N=20 is the number of records and
At=0.5 s is the time increment.
Boundaries of the confidence interval can be

evaluated using binomial distribution, in a
similar fashion to a probability estimate:

A Q,(051-P,),N,-N,, p
Iow(&)— ( (Nt .BN).A'[ a)

QB(O'5(1+ PBS)’ Nt ’ Nr’ ﬁ&)
N, -N, - At

(31)

(32)

uple)=

~ Ny
b = NN,
The order of arguments for the quantile of the

binomial distribution Qg is the same as in
equation (27).

Rate of Failures

The rate of failures is a more practical
probabilistic metric for capsizing than
probability, since the latter depends on the time
of exposure:

ac = iPc (33)

Thus, the extrapolated estimate of the rate of
capsizes is expressed as:

%EX = % ’ Ifsa : If\)Lf|a (34)

The boundaries of the confidence interval are
products of the respective boundaries of each
component:

low (&EX )= low (&) low (ﬁa)~ low (I5Lf|a)
upeg)=up)-up(B,)-up (B, )
INITIAL VALIDATION

(35)

To test the concept, an initial validation was
carried out. The validation of the split-time
method was understood in terms of the
procedure for the validation of extrapolation
methods developed and followed by Smith &
Campbell (2013). Tier 1 of such validation
procedure requires the comparison of the “true”
value (estimated for a relatively large data set)
with a series of extrapolations performed using
much smaller data sets.

As this effort was primarily focused on the
testing the concept, the size of the “large”
dataset was only 500 hours. The conditions for
this data and its source were described earlier
in the paper. There were 21 capsizings in this
data set — sufficient to estimate the true value:
v Ng
NN (36)

Where NC is a number of capsizings observed,
Nr=1000 is the number of records in the
“large” dataset (not to be confused with
number of records in the extrapolation data set
N,=20). Evaluation of confidence interval for
the “true” value, in principle, can be done
similar to the non-rare problem (see Equation
31). However, the total number of points in the
large data set can be too large to calculate the
binomial quantiles. In this case, a normal
distribution can be used instead of binomial
(Smith & Campbell 2013). The results of the
initial validation are shown in Figure 7. As one
can see, 9 out of 10 extrapolations provided
overlap of the confidence intervals and thus are
considered “passed”.

Following recommendations from Smith &
Campbell (2013), the passing rate of 90% is
accepted here, leaving 5% for non-passing due
to random reasons (since Pg=0.95) and another
5% for other reasons, such as imperfections of
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tail fit. Then, for 10 trials, one can expect at
least 7 extrapolations passed:

Qy(05(L~P,),N. =10,p=09)=7 (37)

where Ng=10 is number of extrapolations and
p=0.9 is required passing rate. Indeed the
conclusion is favourable for the split-time
method.
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Fig. 7: Results of initial validation of the Split-Time method
CONCLUSIONS AND FUTURE WORK

The most important result of the present work
is the first indication that the Split-Time
method is capable of the evaluation of the
probability of capsizing for the case of
variation of righting arm in waves (i.e. for pure
loss of stability).

The Split-Time method for righting arm
variation has finally been made computable.
This was achieved by fixing the threshold in
roll angle and calculating the critical roll rate at
the instant of upcrossing only. The tail was
then fitted for the sample of the differences
between the critical and instantaneous roll rates
at the instant of upcrossings.

Also, the insight into perturbation of the roll
rate at upcrossing has revealed the equivalency
between the classical definition of ship stability
and the general definition of motion stability of
a dynamical system.

This has made the difference between the
instantaneous and critical roll rates taken at the
instant of upcrossing an effective metric for
capsize event. Unlike the peak of the roll angle,
this quantity remains smooth when capsizing

occurs, so standard statistical extrapolation
procedures become applicable.

A few items remain for the future work.
Sample calculations carried out for a limited
number of cases show some conservative bias,
hinting that the exponential tail may be too
heavy. It makes sense that the Generalized
Pareto  Distribution for non-zero shape
parameter will do better.

Also, validation should be performed with
cases significantly more rarity, like the one
shown in Smith & Campbell (2013).

AKNOWLEGEMTS

The work described in this paper has been
funded by the Office of Naval Research (ONR)
under Dr. Patrick Purtell and Dr. Ki-Han Kim.
This support is gratefully acknowledged by the
authors. The participation of Prof. Pipiras was
supported by the summer faculty program,
which is supported by ONR and managed by
Dr. Jack Price of David Taylor Model Basin.

The authors also are grateful to Prof.
Leadbetter of the University of North Carolina
at Chapel Hill for fruitful discussion and
guidance.

REFERENCES

Belenky, V., Reed, A.M. and Weems K. M. (2011) “Probability
of Capsizing in Beam Seas with Piecewise Linear
Stochastic GZ Curve,” Contemporary ldeas on Ship
Stability, Neves, M.A.S. et al. (eds), Springer, pp. 531-554

Belenky, V.L., Weems, K.M., Lin. W.M. & K. J.Spyrou (2012)
“Split Time Method for the Probabilistic Characterization
of Stability Failures in Quartering Seas” Proc. 29th Symp.
Naval Hydrodynamics, Gothenburg, Sweden

Bishop, R. C., W. Belknap, C. Turner, B. Simon, J. H. Kim
(2005) Parametric Investigation on the Influence of GM,
Roll damping, and Above-Water Form on the Roll
Response of Model 5613. Report NSWCCD-50-TR-
2005/027.

Coles, S. (2001) An Introduction to Statistical Modeling of
Extreme Values, Springer Verlag, London

Euler, L. (1749) Scientea Navalis , St. Petersburg, Russia



International Ship Stability Workshop 2013

Proceedings of the 13™ International Ship Stability Workshop, Brest 23-26 September

Leadbetter, M.R., Lindgren, G. & H. Rootzen (1983) Extrems McCuskey, S. W. (1962) An introduction to Advanced
and Related Properties of Random Sequences and Series, Dynamics. Addison-Wesley, pp. 47-49.

Springer Verlang, New York .
pring g, New Weems, K. & D. Wundrow (2013) “Hybrid Models for Fast

Smith, T. C. & B. L. Campbell (2013) “On Validation of Time-Domain Simulation of Stability Failures in Irregular
Statistical Extrapolation for a Rate of Stability Failure”, Waves  with  Volume-Based  Calculations  for
Proc. 13" Intl. Ship Stability Workshop, Brest, France. Froude-Krylov and Hydrostatic Force”, Proc. 13" Intl.

Synge, J. L. & B. A. Griffith (1959) Principle of Mechanics. Ship Stability Workshop, Brest, France

McGraw-Hill, pp. 127-128, 135, 421-426;



