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ABSTRACT 

Nowadays, theoretical prediction of extreme motions in following and quartering seas is required not only for 
qualitative purposes but also for quantitative one towards direct stability assessment as an alternative route of IMO 
IS Code. The mathematical model for capsizing due to broaching, one of the great threat to ships running in 
following and quartering seas, has been developed by many researchers. However these models can predict it only 
qualitatively. For realising more quantitative prediction, the effect of nonlinear heel-induced hydrodynamic forces in 
calm water was examined by the authors in their previous work. In this research, we conduct the systematic captive 
model experiments with the various heel angles up to the 50 degrees in severe following waves. As a result, the 
details of nonlinear heel-induced hydrodynamic forces with respect to heel angle in waves are presented. Then the 
comparisons between the free running model experiments and numerical simulations with direct use of the heel-
induced hydrodynamic sway force and yaw moment are carried out. These comparisons are conducted in time series 
and boundaries of ship motion modes. Finally the comparisons between the mathematical model with 
experimentally obtained GZ variation in waves and that with theoretically obtained one are conducted for discussing 
the possibility of realising more quantitative prediction of extreme ship motions in following and quartering seas. 
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INTRODUCTION 
Recent model experiments (e.g. Umeda et al. 1999) demonstrate that a ship complying with the current Intact 

Stability Code (IS Code) of International Maritime Organisation (IMO) rarely capsizes in non-breaking beam waves 
but could occasionally capsize when she runs in following and quartering seas. Although the IMO circulated a 
simple guidance applicable to all ships for avoiding danger in following and quartering seas, real capsizing 
boundaries might depend on detailed particulars of each ship. Responding to these situations the Sub-Committee on 
stability, load lines and on fishing vessel safety has started to review the IS Code. On this revision, an alternative 
approval of safety with direct assessment by physical or numerical tests is considered. This kind of assessment of 
safety is especially expected to prevent ship capsizing due to broaching in following and quartering seas. This is 
because the existing stability criteria cannot deal with this phenomenon, which depends on hull form details as well 
as operational practices. At this stage numerical models are required to provide not only qualitative agreement but 
also quantitative one with help of model experiments. Toward this direction, the International Towing Tank 
Conference (ITTC) had conducted benchmark testing of several numerical models by comparing them with existing 
capsizing model experiments in following and quartering seas, which cover ship capsizes due to parametric rolling 
and broaching. As a result, it was confirmed that only a few numerical models could qualitatively predict capsizing 
and none could do it quantitatively (Umeda et al. 2001). Therefore, existing numerical modelling techniques should 
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be upgraded to realise a quantitative prediction of capsizing. For this purpose, it is necessary to systematically 
examine all factors relevant to capsize in following and quartering seas further.  

It has been pointed out that the effect of heel-induced manoeuvring forces is significant for broaching prediction. 
(Renilson et al. 2000) This effect was taken into account as linear function of roll angle and their derivatives were 
obtained from captive model test with small heel angle in still water. However the relationship between heel-
induced hydrodynamic forces and roll angles could be nonlinear because under-water hull form becomes quite 
asymmetric with increasing of roll angle. Therefore it is important to conduct systematic model experiment to 
measure heel-induced hydrodynamic forces especially with large heel angle. However this kind of experiment is 
quite difficult because of the limitation of experimental setup. Within a framework of ordinal procedure and setup, 
problems of water-inflow and water-accumulation in a hull cannot avoid. To overcome these problems, using 
complete watertight ship model or devices to prevent a dynamometer to be flooded is required. In past Nakato et al. 
conducted a captive model experiment with special setup that a dynamometer is settled quite higher position than 
the centre of gravity of a ship model to measure restoring moments in waves with a wide range of roll angle. 
(Nakato et al. 1990) However their experimental method and results were not available to practical use because a 
dynamometer settled at high position provides significant trim moment in running. For these reasons, a captive 
model experiment to measure hydrodynamic forces induced by large heel is quite difficult even in still water. 
Therefore it is important to develop an experimental procedure to directly measure these forces in both still water 
and waves. 

In our previous work, we had proposed a new experimental method with a purpose-built ship model and an 
experimental setup, which can realise captive tests up to 90 degrees of heel. (Hashimoto et al. 2004) Then captive 
tests were conducted to measure heel-induced hydrodynamic forces in still water. In this paper captive model tests to 
measure heel-induced hydrodynamic forces in heavy following waves were conducted. Based on these results, the 
mathematical model is enhanced by introducing nonlinear model of hydrodynamic forces as functions of roll angle, 
and is applied to prediction of ship motions in following and quartering waves. The comparison of the 4 DOF 
mathematical models with and without this effect is conducted, together with the existing free-running experiments, 
to examine the importance of nonlinear heel-induced hydrodynamic forces in waves on prediction of ship capsizing 
due to broaching in following and quartering seas. 

A NEW CAPTIVE MODEL EXPERIMENT WITH LARGE HEEL 
Procedure of an Experiment 

For measuring heel-induced hydrodynamic forces with large heel, a new 1/25 scaled model of the 135GT 
Japanese purse seiner was built. Its body plan, general arrangement of a ship model and principal particulars are 
shown in Fig.1, Fig.2 and Table.1, respectively. Here smaller model size was selected to consider a maximum 
loading allowance of the dynamometer in case whole of a ship model is in air. The ship model is completely 
watertight and has bulwarks, freeing ports and the super structures that are similar to the ship model used in free-
running model experiment (Umeda et al. 1999). There are two poles, having a scale, that fix the model and adjust a 
model attitude. Each pole has gimbals at their bottom to realize a specified heel angle. Captive model experiments 
were conducted at a seakeeping and manoeuvring basin of National Research Institute of Fisheries Engineering. The 
model was towed by a main towing carriage in long-crested regular waves, and model was equipped with a rudder 
but without a propeller. The model was completely fixed by two poles in all directions. Because a ship model is 
fixed, only one data for certain relative position of a wave is obtained per one running of towing carriage. In this 
experiment heel-induced hydrodynamic forces in waves are identified by measuring eight relative positions of a 
wave with same heel angle. Surge force, sway force, heave force, roll moment, pitch moment and yaw moment 
acting on the towed model were detected by a dynamometer located in vertically high position where no water-
splash occurs. 
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Procedure of the experiment is as follows. Firstly instantaneous heave and pitch with no heel are estimated for 
certain relative position of a wave from tests with conventional setup in moderate wave steepness. Since wave 
steepness is different from desired value, we estimate a ship instantaneous heave and pitch by assuming linearity of 
them with respect to wave steepness. The effect of heel is added with Froude-Krylov assumption. Here the 
calculation is obtained by integrating undisturbed wave pressure up to the wave surface with the Smith effect for a 
ship free in heave and pitch. By adjusting a length of two poles and an angle of gimbals, a sinkage, trim and heel 
angle are set to be equal to the estimated values. An example photograph of this experimental setup is shown in 
Fig.3. Here estimated ship attitude does not usually correspond to the real one. However it is quite difficult to 
accurately estimate a ship attitude with large heel and high forward velocity in steep waves. To correct this 
difference, additional experiments are carried out for obtaining derivatives of heel-induced hydrodynamic forces 
with respect to sinkage and trim angle. If we conduct this additional experiment to all relative positions and heel 
angles, the number of model runs could be prohibitively large. To avoid this problem, we apply the following 
method. As mentioned we repeat eight model runs to measure heel-induced hydrodynamic forces for one wave. 
Because a ship model is slowly overtaken by waves, the other seven data measured with undesired ship attitude is 
available to obtain derivatives of hydrodynamic forces with respect to sinkage and trim at specified relative position. 
Using such derivatives we can reasonably estimate all forces and moments in the case that ship is free in heave and 
pitch by solving the simultaneous equations satisfying that heave force and pitch moment equal to zero. 

Table.1  Principal particulars of the subject ship 

Items Values 
length : Lpp     34.5 m 
breadth : B 7.60 m 
depth : D     3.07 m 
mean draught : d 2.65 m 
block coefficient : Cb 0.597 
longitudinal position of centre of gravity from the midship : xCG 1.31 m aft 
metacentric height : GM 1.00 m 
natural roll period : T　 7.4 s 
rudder area : AR 3.49 m2

time constant of steering gear : TE 0.63 s 
proportional gain: KP 1.0 
time constant for differential control: TD 0.0 s 
maximum rudder angle: δmax ± 35 

o

 
Procedure of an Analysis 

The surge force, X, the sway force, Y, the heave force, Z, the roll moment, K, the pitch moment, M and the yaw 
moment, N, were measured as functions of heave, pitch, roll, Froude number and the horizontal position of ship to a 
wave trough, ξG/λ. Wave height at a centre of ship gravity was also measured by a servo-needle wave probe. The 
definition of directions of the measured forces and moments is shown in Fig.4. All forces and moments were 
measured in horizontal axes. Each moment is geometrically converted from the measured value around the centre of 
the dynamometer to that of ship gravity. By assuming that additional change in sinkage and trim are small the 
measured forces and moments can be expanded as follows: 
 

*
00

*
0000 )/,,;,()/,,;,()/,,;,()/,,;,( θλξφθζζλξφθζλξφθζλξφθζ θζ ×+×+= GnGGGnGGnGGnG FXFXFXFX       (1) 

*
00

*
0000 )/,,;,()/,,;,()/,,;,()/,,;,( θλξφθζζλξφθζλξφθζλξφθζ θζ ×+×+= GnGGGnGGnGGnG FYFYFYFY             (2) 

*
00

*
0000 )/,,;,()/,,;,()/,,;,()/,,;,( θλξφθζζλξφθζλξφθζλξφθζ θζ ×+×+= GnGGGnGGnGGnG FZFZFZFZ       (3) 

*
00

*
0000 )/,,;,()/,,;,( )/,,;,()/,,;,( θλξφθζζλξφθζλξφθζλξφθζ θζ ×+×+= GnGGGnGGnGGnG FKFKFKFK     (4) 

146 



*
00

*
0000 )/,,;,()/,,;,()/,,;,()/,,;,( θλξφθζζλξφθζλξφθζλξφθζ θζ ×+×+= GnGGGnGGnGGnG FMFMFMFM   (5) 

*
00

*
0000 )/,,;,()/,,;,()/,,;,()/,,;,( θλξφθζζλξφθζλξφθζλξφθζ θζ ×+×+= GnGGGnGGnGGnG FNFNFNFN     (6) 

Here  

0
*

GGG ζζζ −=                                                                                                                                                       (7) 

0
* θθθ −=                                                                                                                                                           (8) 

where ζG0 and θ0 indicate the sinkage and trim angle, respectively, initially estimated. If ship model is free in heave 
and pitch, heave force and pitch moment should be zero. Therefore ζG

*, θ* can be obtained by solving following 
simultaneous equations. 
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Then, the surge force and sway force, roll moment and yaw moment for the case in which model is free in heave and 
pitch can be estimated with Equations (1), (2), (4) and (6). 

EXPERIMENTAL RESULTS 
Captive model experiments to measure heel-induced hydrodynamic forces in following waves were conducted. 

Wave condition is selected to correspond to that of ITTC Benchmark Testing Programme, H/λ=1/10 and λ/L=1.637. 
Captive tests were conducted for various sets of heel angle with Froude number of 0.4. Here heel angles are 0, 10, 
20, 30, 40 and 50 degrees. Heel-induced hydrodynamic surge force, sway force, yaw moment and roll moment in 
waves are obtained by subtracting a constant value obtained in still water with each heel angle. Finally these results 
are identified by the Fourier expansion with encounter frequency. An example photograph of this experiment is 
shown in Fig.5.  

The experimental results of non-dimensional heel-induced surge force, ∆X’, sway force, ∆Y’, yaw moment, ∆N’, 
and roll moment, ∆K’, in following waves with Fn=0.4 are shown in Figs.6-9. The amplitude of ∆X’ linearly 
increases with respect to roll angle and the phase of ∆X’ drastically changes. Although the reason is not clarified in 
this moment, the amplitude of ∆X’ itself is much smaller than the variation of wave-induced surge force with no heel 
angle. Therefore heel-induced surge force in waves can be neglected for numerical prediction. The amplitude of ∆Y’ 
linearly increases up to 20 degrees of heel but does nonlinearly over 20 degrees of heel. The phase of ∆Y’ also 
changes with respect to roll angle. ∆N’ and ∆K’ have similar tendency in its change as ∆Y’, nonlinearity with 
increasing of roll angle appears over 20 degrees of heel. Since ∆K’ seems to be important for capsizing prediction, a 
comparison of roll restoring moment in waves between the experimental result, the Froude-Krylov calculation and 
the sum of Froude-Krylov calculation and experimental formula of lift effect (Umeda et al. 2002). Here the Froude-
Krylov calculation is conducted by integrating undisturbed wave pressure up to the wave surface with the Smith 
effect for a ship free in heave and pitch. Fig.10 shows a comparison of GZ curve between experiment and two 
calculations. Froude-Krylov calculation overestimates the amplitude of GZ variation. There is significant difference 
in the average value and phase of GZ variation. The experimentally obtained relative position of minimum GZ is not 
wave crest but wave down-slope. Calculation by Froude-Krylov assumption corrected by the experimental formula 
can predict these tendencies. However the difference from experimental result is not negligibly small from a 
viewpoint of realising a quantitative prediction. Therefore a proposed captive model experiment is recommended to 
accurately predict a wave effect on roll restoring moment in severe waves. 

MATHEMATICAL MODELLING 
The mathematical model of the surge-sway-yaw-roll motion was developed by Umeda and Renilson (Umeda et 

al. 1992) and Umeda (Umeda 1999) for capsizing associated with surf-riding in following and quartering waves. 
The details of this model can be found in the literature (Umeda et al. 2002). Although this model had consistently 
ignored higher order terms of waves, several higher order terms were added in the previous paper (Hashimoto et al. 
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2004). Then heel-induced hydrodynamic forces measured in waves are added in this research. Two co-ordinate 
systems used here are shown in Fig.11: (1) a wave fixed with its origin at a wave trough, the ξ axis in the direction 
of wave travel; and (2) an upright body fixed with its origin at the centre of ship gravity. The state vector, x  and 
control vector, b , of this system are defined as follows. 
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Here the underlined parts indicate the heel-induced hydrodynamic forces newly added to the previous model. Here 
the Grim’s effective wave concept (Grim 1961) is used for estimation of heel-induced hydrodynamic forces in 
waves with heading angle. In numerical simulation, heel-induced hydrodynamic forces obtained in still water are 
also taken into account. Although the experimental results shown in Figs.6-9 are obtained for only one Froude 
number, we assume that these results are applicable to all Froude number cases because of the limitation of available 
experimental data. 

NUMERICAL RESULTS 

Firstly the comparisons between the numerical results with nonlinear heel-induced hydrodynamic sway force 
and yaw moment in waves and without them as well as existing free running model experiments (Umeda et al 1999) 
are conducted. The comparison in the case that the ship experiences a periodic motion is shown in Fig.12. The 
difference between calculated results with and without nonlinear heel-induced hydrodynamic sway force and yaw 
moment is not so significant. The comparison in the case that the ship suffers surf-riding, broaching and capsizing is 
shown in Fig.13. Although the mathematical model with nonlinear heel-induced hydrodynamic sway force and yaw 
moment provides slightly longer time to capsize, prediction accuracy of two models is almost the same. Comparison 
in boundaries of ship motion modes for control parameters of auto pilot course and nominal Froude number is 
shown in Fig.14. The procedure of this calculation can be found in the literature (Umeda et al. 2002). In the 
numerical results, a region of capsizing due to broaching becomes smaller and that of stable surf-riding does larger 
by taking the heel-induced hydrodynamic sway force and yaw moment into account. There is no significant 
difference between two models in the prediction accuracy of critical Froude number of ship capsizing. These results 
suggest that the effect of the heel-induced hydrodynamic sway force and yaw moment in waves can be neglected for 
practical broaching prediction.  
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Secondly the comparison between the mathematical model with experimentally obtained variation of roll restoring 
moment in waves and that with theoretically obtained one. Here theoretical prediction is based on the Froude-
Krylov assumption with the correction by experimental formula of heel-induced lift effect. The comparison in the 
case that the ship experiences a periodic motion is shown in Fig.15. No significant difference is found but the 
amplitude of roll motion is different to some extent. The comparison in the case that the ship suffers surf-riding, 
broaching and capsizing is shown in Fig.16. The results seem to be almost the same despite of the difference of GZ 
variation. Comparison in boundaries of ship motion modes for control parameters is shown in Fig.17. There is 
significant difference in the prediction of critical ship speed of capsizing especially at larger auto pilot course and 
better agreement with free running model experiments can be found in the prediction with experimentally obtained 
variation of roll restoring in waves. Because the experimental formula is obtained only from the tests with 10 
degrees of heel in following seas, it is not adequate to apply this formula to the case with large roll angle and large 
heading angle. These results suggest that accurate estimation of GZ variation in severe waves is indispensable for 
realising a quantitative capsizing prediction. 

CONCLUSIONS 
Nonliear heel-induced hydrodynamic forces in following waves are measured by a new experimental method 

with a purpose-built ship model and setup. Then a mathematical model taking these forces into account is developed, 
and is compared with existing free running experiments. As a result, the following conclusions are obtained: 

1. The proposed experimental method is applicable to measure heel-induced hydrodynamic forces with large heel 
angle even in severe waves. 

2. Heel-induced hydrodynamic surge force in waves is small and can be neglected for capsizing prediction. 
3. Heel-induced hydrodynamic sway force, yaw moment and roll moment in waves have certain nonlinearity with 

respect to roll angle especially over 20 degrees of heel. 
4. Heel-induced hydrodynamic sway force and yaw moment in waves are not so significant for capsizing 

prediction. 
5. Accurate prediction of GZ variation of running ship in waves is important for capsizing prediction. 
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NOMENCLATURE 
c wave celerity 
Fn nominal Froude number  
GZ righting arm 
GZRW heel-induced variation of righting arm in waves 
H wave height   
Ixx moment of inertia in roll  
Izz moment of inertia in yaw  
Jxx added moment of inertia in roll 
Jzz added moment of inertia in yaw 
KM

NL nonlinear manoeuvring forces in roll 
KR

NL nonlinear heel-induced hydrodynamic roll moment in still water 
Kp derivative of roll moment with respect to roll rate 
Kr derivative of roll moment with respect to yaw rate 
Kr

W
 wave effect on the derivative of roll moment with respect to yaw rate 

KR rudder gain   
Kv derivative of roll moment with respect to sway velocity 
Kv

W
 wave effect on the derivative of roll moment with respect to sway velocity 

Kw wave-induced roll moment  
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Kδ derivative of roll moment with respect to rudder angle 
Kδ

W
 wave effect on the derivative of roll moment with respect to rudder angle 

Kφ derivative of roll moment with respect to roll angle 
∆K’ ∆K’=∆K/(1/2ρLd2u2) 
L ship length between perpendiculars 
m ship mass   
mx added mass in surge  
my added mass in sway  
n propeller revolution number 
NM

NL nonlinear manoeuvring forces in yaw 
NR

NL nonlinear heel-induced hydrodynamic yaw moment in still water 
NRW

NL nonlinear heel-induced hydrodynamic yaw moment in waves 
Nr derivative of yaw moment with respect to yaw rate 
Nr

W
 wave effect on the linear derivative of yaw moment with respect to yaw rate 

Nv derivative of yaw moment with respect to sway velocity 
Nv

W
 wave effect on the linear derivative of yaw moment with respect to sway velocity 

Nw wave-induced yaw moment 
Nδ derivative of yaw moment with respect to rudder Angle 
Nδ

W
 wave effect on the derivative of yaw moment with respect to rudder angle 

Nφ derivative of yaw moment with respect to roll angle 
∆N’ ∆N’=∆N/(1/2ρL2du2) 
p roll rate 
r yaw rate 
R ship resistance   
t time 
T propeller thrust 
TD time constant for differential control 
TE time constant for steering gear 
TW wave effect on propeller thrust 
u surge velocity   
v sway velocity   
XM

NL nonlinear manoeuvring forces in surge 
XR

NL nonlinear heel-induced hydrodynamic surge force in still water 
Xw wave-induced surge force 
Xrud rudder-induced surge force 
∆X’ ∆X’=∆X/(1/2ρLdu2) 
YM

NL nonlinear manoeuvring forces in sway 
YR

NL nonlinear heel-induced hydrodynamic sway force in still water 
YRW

NL nonlinear heel-induced hydrodynamic sway force in waves 
Yr derivative of sway force with respect to yaw rate 
Yr

W
 wave effect on the derivative of sway force with respect to yaw rate 

Yv derivative of sway force with respect to sway velocity 
Yv

W
 wave effect on the derivative of sway force with respect to sway velocity 

Yw wave-induced sway force 
Yδ derivative of sway force with respect to rudder angle 
Yδ

W
 wave effect on the derivative of sway force with respect to rudder angle 

Yφ derivative of sway force with respect to roll angle 
∆Y’ ∆Y’=∆Y/(1/2ρLdu2) 
zH vertical position of centre of sway force due to lateral motions 
χ heading angle from wave direction 
χc desired heading angle for auto pilot 
δ rudder angle 
φ roll angle 
λ wave length 
θ pitch angle 
ρ water density 
ξG longitudinal position of centre of gravity from a wave trough 
ζG vertical distance between centre of gravity and still water plane 
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Fig.2  General arrangement of the purpose-built ship model 

Fig.1  Body plan of the subject ship 

Fig.3  Setup of the captive model experiment
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Fig.6  Experimental result of non-dimensional heel-induced surge 
  force with H/λ=1/10, λ/L=1.637, χ=0o and Fn=0.4 

Fig.5  A photograph of captive test in waves
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Fig.8  Experimental result of non-dimensional heel-induced yaw  
moment with H/λ=1/10, λ/L=1.637, χ=0o and Fn=0.4 

 
 
 
 
 
 
 
 
 
 
 
 
 

Fig.7  Experimental result of non-dimensional heel-induced sway 
force with H/λ=1/10, λ/L=1.637, χ=0o and Fn=0.4 
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Fig.9  Experimental result of non-dimensional heel-induced roll  
moment with H/λ=1/10, λ/L=1.637, χ=0o and Fn=0.4 

Fig.10 Comparison of righting arm in waves between the
experiment, the Froude-Krylov calculation and the sum
of Froude-Krylov calculation and experimental formula
of lift effect with H/λ=1/10, λ/L=1.637, χ=0o, Fn=0.4
and φ=20 degrees x
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Fig.12  Comparison of numerical results with H/λ=1/10, λ /L=1.637,  Fn =0.3, χc=-30 degrees. (left: ithout heel-
induced hydrodynamic sway force and yaw moment in waves, right: with them) 
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Fig.13  Comparison of numerical results with H/λ=1/10, λ /L=1.637, Fn =0.43, χc=-10 degrees. (left: without heel-
induced hydrodynamic sway force and yaw moment in waves, right: with them) 
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Fig.14  Comparison of boundaries of ship motion modes with H/λ=1/10, λ /L=1.637 and the initial periodic state for Fn=0.1 
and χc=0 degrees. (left: without heel-induced hydrodynamic sway force and yaw moment in waves, right: with them) 
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Fig.15  Comparison of numerical results with H/λ=1/10, λ /L=1.637, Fn =0.3, χc=-30 degrees. (left: with experimentally 
obtained GZ variation, right: with calculated GZ variation by Froude-Krylov assumption and experimental formula) 

 
 
 
 

154 



 
 

0 5 10 15 20

-20
-10

0
10
20

t(s)

Pitch(degrees)

0 5 10 15 20

-90
-60
-30

0
30
60
90

t(s)

Roll(degrees)

0 5 10 15 20

-60
-40
-20

0
20
40
60

t(s)

Yaw(degrees)

0 5 10 15 20

-45
-30
-15

0
15
30
45

t(s)

Rudder(degrees)

0 5 10 15 20

-20
-10

0
10
20

t(s)

Pitch(degrees)

 Experiment
 Calculation

0 5 10 15 20

-90
-60
-30

0
30
60
90

t(s)

Roll(degrees)

0 5 10 15 20

-60
-40
-20

0
20
40
60

t(s)

Yaw(degrees)

0 5 10 15 20

-45
-30
-15

0
15
30
45

t(s)

Rudder(degrees)

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Fig.16  Comparison of numerical results with H/λ=1/10, λ /L=1.637, Fn =0.43, χc=-10 degrees. (left: with experimentally 
obtained GZ variation, right: with calculated GZ variation by Froude-Krylov assumption and experimental formula) 
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Fig.17  Comparison of boundaries of ship motion modes with H/λ=1/10, λ /L=1.637 and the initial periodic state for 
Fn=0.1 and χc=0 degrees. (left: with experimentally obtained GZ variation, right: with calculated GZ variation by 
Froude-Krylov assumption and experimental formula) 
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