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SUMMARY 
 

Based on a 4 degrees of freedom mathematical model proposed by the authors 

1, its enhancement is attempted by taking 
most of the second order terms of waves into account for capsizing associated with surf-riding in following and quartering 
seas. This includes the wave effects on manoeuvring coefficients, the wave effects on restoring arm and so on. To confirm 
the prediction accuracy of each term the captive model experiments were systematically conducted. As a result, it is found 
that the wave effects on restoring moment are much smaller than the Froude-Krylov prediction and the minimum restoring 
arm appears on a wave downslope but not on a wave crest. Thus, an experimental formula of additional roll moment as 
hydrodynamic lift due to heel angle is provided for numerical modelling. Then numerical simulations are carried out with 
these second order terms of waves and compared with the results of free running model experiments. As a result, 
improvement of prediction accuracy for the ship motions in following and quartering seas are demonstrated. Although 
boundaries of ship motion modes are also calculated with both the original model and the present one, the second order 
terms of waves are not so crucial for prediction of the capsizing boundaries themselves. Moreover, we find that the 
wave-induced surge force and sway-roll coupling have certain nonlinearities with wave and sway velocity, respectively. As 
a result, the calculated capsizing boundary with these nonlinearities is reasonably improved. 
 

NOMENCLATURE 
 

aH interaction factor between hull and rudder 
AR rudder area 
c wave celerity 
d mean draft 
fα rudder lifting slope coefficient 
Fn nominal Froude number  
g gravitational acceleration 
GZ righting arm 
GZFK wave effect on righting arm with Froude-Krylov 
 assumption 
GZWL wave effect on righting arm induced by  
 hydrodynamic lift 
H wave height   
Ixx moment of inertia in roll  
Izz moment of inertia in yaw  
J advance coefficient of propeller 
Jxx added moment of inertia in roll 
Jzz added moment of inertia in yaw 
k wave number 
KNL nonlinear manoeuvring coefficients in roll 
Kp derivative of roll moment with respect to roll rate 
Kr derivative of roll moment with respect to yaw rate 
Kr

W
 wave effect on the derivative of roll moment 

 with respect to yaw rate 
KR rudder gain   
KT thrust coefficient of propeller 
Kv derivative of roll moment with respect to sway  
 velocity 
Kv

W
 wave effect on the derivative of roll moment 

 with respect to sway velocity 

Kw wave-induced roll moment  
Kδ derivative of roll moment with respect to rudder 
 angle 
Kδ

W
 wave effect on the derivative of roll moment with 

 respect to rudder angle 
Kφ derivative of roll moment with respect to roll 

angle 
lR correction factor for flow-straightening effect due 

to yaw rate 
L ship length between perpendiculars 
m ship mass   
mx added mass in surge  
my added mass in sway  
my

2D 2-dimensional added mass in sway 
n propeller revolution number 
NNL nonlinear manoeuvring coefficients in yaw 
Nr derivative of yaw moment with respect to yaw rate 
Nr

W
 wave effect on the linear derivative of yaw moment 

 with respect to yaw rate 
Nv derivative of yaw moment with respect to sway 
 velocity 
Nv

W
 wave effect on the linear derivative of yaw moment 

 with respect to sway velocity 
Nw wave-induced yaw moment 
Nw

’ Nw
’= Nw /(ρL2du2/2) 

Nδ derivative of yaw moment with respect to rudder 
 Angle 
Nδ

W
 wave effect on the derivative of yaw moment with 

 respect to rudder angle 
Nφ derivative of yaw moment with respect to roll  



 angle 
OG vertical distance of centre of ship mass to water 

surface 
p roll rate 
r yaw rate 
R ship resistance   
t time 
T propeller thrust 
TD time constant for differential control 
TE time constant for steering gear 
u surge velocity   
v sway velocity   
W ship weight 
wp effective propeller wake fraction 
xH longitudinal position of centre of interaction force 

between hull and rudder 
XNL nonlinear manoeuvring coefficients in surge 
xR longitudinal position of rudder 
Xw wave-induced surge force 
Xw

’ Xw
’= Xw /(ρLdu2/2) 

Xrud rudder-induced surge force 
YNL nonlinear manoeuvring coefficients in sway 
Yr derivative of sway force with respect to yaw rate 
Yr

W
 wave effect on the derivative of sway force with  

 respect to yaw rate 
Yv derivative of sway force with respect to sway  
 velocity 
Yv

W
 wave effect on the derivative of sway force with 

 respect to sway velocity 
Yw wave-induced sway force 
Yw

’ Yw
’= Yw /(ρLdu2/2) 

Yδ derivative of sway force with respect to rudder 
 angle 
Yδ

W
 wave effect on the derivative of sway force with 

 respect to rudder angle 
Yφ derivative of sway force with respect to roll angle 
zH vertical position of centre of sway force due to  
 lateral motions 
β drift angle 
χ heading angle from wave direction 
χc desired heading angle for auto pilot 
δ rudder angle 
εR wake ratio between propeller and hull 
φ roll angle 
γR flow-straightening effect coefficient 
κp interaction factor between propeller and rudder 
λ wave length 
ρ water density 
ξG longitudinal position of centre of gravity from a 
 wave trough 
ξa wave amplitude 
 

1. INTRODUCTION 
 

A practical ship complying with the current intact 
stability criteria of the International Maritime Organization 
(IMO) rarely capsizes in beam seas even in model scale 
but could occasionally capsize when she runs in following 
and quartering seas 

2. Although the IMO circulated just a 

simple guidance for avoiding danger in following and 
quartering seas applicable to all ships, real capsizing 
boundaries might depend on detailed particulars of each 
ship. Therefore, it is important to provide an operational 
guideline for each ship by utilising the most advanced 
theoretical prediction method. 

International Towing Tank Conference (ITTC) 
recently established its specialist committee for benchmark 
testing of several numerical models for intact and damage 
stability3. For intact ships, according to comparisons 
between the numerical simulations and the results of free 
running model experiments, the mathematical model by 
Umeda et al. can qualitatively well predict broaching and 
surf-riding 

1. However, more improvement is necessary for 
a quantitative prediction. In this model, wave steepness 
and ship motions due to waves are assumed to be small. 
Thus second order terms of waves are consistently ignored 
as higher order terms for capsizing prediction. 

Several mathematical models considering a part of 
them for improving prediction accuracy had been proposed 
so far, they were similar to or rather worse than the 
original model. The authors reported that, by adding the 
wave effects on manoeuvring forces, no significant 
improvement in time series were obtained 

4. In this paper, 
an enhanced mathematical model keeping the consistency 
as much as practical is developed by taking most of the 
second order terms of waves into account with help of 
systematic captive model experiments. Then the 
comparisons between the numerical results both with these 
terms and without them, as well as the results of the free 
running model experiments, are conducted to examine this 
new numerical prediction method as a more reliable 
prediction tool. 
 

2. OUTLINE OF MATHEMATICAL MODELLING 
 

The mathematical model of the surge-sway-yaw-roll 
motion was developed by Umeda and Renilson 

5, Umeda 
and Vassalos 

6 and Umeda 

7 for capsizing associated with 
surf-riding in following and quartering waves, and we call 
the last one Original Model throughout this paper. The 
details of this model can be found in the literature 

7. Since 
wave steepness is much smaller than one, in the original 
model, drift angle, non-dimensional yaw rate, roll angle 
and rudder angle due to waves can be assumed to be as 
small as the wave steepness. Thus square terms and 
interaction terms of these elements are consistently ignored 
as higher order terms for capsizing prediction. 

However, these higher order terms can be candidates 
for improving prediction accuracy towards more 
quantitative prediction, the authors upgrade the 
above-mentioned original model by taking most of the 
second order terms of waves into account. Two co-ordinate 
systems used here are shown in Figure 1: (1) a wave fixed 
with its origin at a wave trough, the ξ axis in the direction 
of wave travel; and (2) an upright body fixed with its 
origin at the centre of ship gravity. The state vector,  
and control vector, b , of this system are defined as 
follows: 

x
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Figure 1: Co-ordinate systems 
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The upgraded dynamical system can be represented by the 
following state equation: 
 

Tfff )}(,),(),({)( 821 bx;bx;bx;bx;Fx L& ==    (3) 
 
where 
 

λχχ /)sincos()(1 cvuf −−=bx;     (4)           

)/()},/();,,,/(              

);,,()();({)(2

xGwGrud

NL

mmXnuX

nrvuXuRnuTf

+++

+−=

χλξδχλξ

bx;   (5) 

)/()};,,/(              

);,,/();()(              

);,,();,,/();(              

);,,/();()({)(3

yGw

G
W

NLG
W

rr

G
W

vvx

mmnuY

nuYnuYuY

nrvuYrnuYrnuY

vnuYvnuYurmmf

++

+++

+++

+++−=

χλξ

δχλξδφ

χλξ

χλξ

δδφ

bx;
 (6) 

rf =)(4 bx;      (7) 

)/()};,,/(              

);,,/();(              

)();,,(),,/(              

);(),,/();({)(5

ZZZZGw

G
W

NLG
W

r

rG
W

vv

JInuN

nuNnuN

uNnrvuNruN

rnuNvuNvnuNf

++

++

+++

++=

χλξ

δχλξδ

φχλξ

χλξ

δδ

φ

bx;
  (8) 

pf =)(6 bx;      (9) 

)/( }]),,,/(               

),,,/()({               

);,,/();,,/(               

);()()(               

);,,();,,/();(               

);,,/();([)(7

xxxxG
WL

G
FK

GwG
W

P

NLG
W

rr

G
W

vvHx

JIuGZ

uGZGZmg

nuKnuK

nuKuKpuK

nrvuKrnuKrnuK

vnuKvnuKurzmf

++

++

++

+++

+++

++=

φχλξ

φχλξφ

χλξδχλξ

δφ

χλξ

χλξ

δ

δφ

bx;

 (10) 

EDRCR TrTKKf /})({)(8 −−−−= χχδbx;    (11). 
 
Here the underlined parts are newly added to the original 
model and nonlinear manoeuvring forces and moments in 
still water are expressed as follows: 
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The wave forces are obtained as follows: 
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Similarly, NW and KW can be obtained 

8.  
 

The wave effects on Yv and Yr as follows: 
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Similarly, Nv

W, Nr
W, Kv

W and Kr
W can be obtained  

4. 
Furthermore, the wave effects on Yδ can be estimated 

by applying the concept of MMG model, expressed as 
follows: 
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Similarly, Nδ

W and Kδ
W can be obtained 

9. 
 

3. CAPTIVE MODEL EXPERIMENTS 
 

To confirm prediction accuracy of the 
above-mentioned modelling, captive model experiments of 
a 135 gross tonnage purse seiner used as the subject ship of 
the ITTC benchmark testing were conducted at a 



seakeeping and manoeuvring basin of National Research 
Institute of Fisheries Engineering. Body plan and principal 
particulars of the subject ship are shown in Figure 2 and 
Table 1, respectively. The 1/17.25 scaled model of the ship 
fitted with a turning table was towed by an X-Y towing 
carriage in long-crested regular waves. The model was 
equipped with a rudder but without a propeller. By 
adjusting the towing velocities of two directions, the drift 
angle and the heading one were independently realised. 
The longitudinal force, the lateral force, the turning 
moment, the heel moment and the rudder normal force 
were measured by dynamometers. Here the model was free 
in heave and pitch and fixed in surge, sway, yaw and roll. 

The experiments cover various forward velocities, 
drift angles, heel angles, rudder deflections and heading 
angles. In addition, model runs were repeated with the 
wave steepness of 1/25, 1/20, 1/15 as well as in calm water. 
Manoeuvring coefficients can be identified by following 
standard procedures for the case both in calm water and in 
waves. Then, wave effects can be obtained as difference 
between the measured results in waves and those in calm 
water. Comparison results between the theories and the 
experiments in the wave effects on manoeuvring 
coefficients will be published in a separate paper 

9.  
 
 
 
 
 
 
 
 
 
 

Figure 2: Body plan of the subject ship 
 

Table 1: Principal particulars of the subject ship 

Items Values 

length : Lpp     34.5 m 
breadth : B  7.60 m 

depth : D     3.07 m 

mean draught : d 2.65 m 

block coefficient : Cb 0.597 
longitudinal position of centre of gravity 
from the midship : xCG 

1.31 m 
aft 

metacentric height : GM 1.00 m 

natural roll period : Tφ 7.4 s 

rudder area : AR 3.49 m2 

time constant of steering gear : TE 0.63 s 

proportional gain: KP 1.0 

time constant for differential control: TD 0.0 s 

maximum rudder angle: δ      max ± 35 

o 

4. WAVE EFFECTS ON RESTORING ARM 
 

It is widely accepted that restoring arm decreases 
when the ship centre situates on a crest of longitudinal 
waves 

10. It is also believed that this phenomenon can be 
explained by integrating wave pressure up to wave surface 
with the Froude-Krylov assumption 

10-11. However, in the 
benchmark testing programme of the ITTC committee, 
whenever we included the wave effect on restoring arm, 
prediction of extreme motions became rather worse 

3. Thus 
we use the captive test results with the subject ship model 
for identifying the restoring moment acting on the hull. 
Here the model was towed with the heel angle of 10 
degrees in waves. By excluding components due to 
forward motion with the heel angle in calm water and 
wave exciting moment acting on the upright hull, the 
measured wave effect on restoring arm was identified, and 
then is compared with the calculation based on the 
Froude-Krylov assumption. Here the incident wave 
pressure is integrated up to the incident wave surface and 
the Smith effect is also taken into account 

11. 
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Figure 3: Comparisons of righting arm between the 
calculation based on Froud-Krylov assumption and the 
experiment for the ship with (a) H/λ=1/25, λ/L=1.5, χ=0 
degrees, (b) H/λ=1/15, λ/L=1.5, χ=0 degrees and (c) 
H/λ=1/15, λ/L=1.5, χ=30 degrees 
 

The comparisons between the measured and calculated 
values are shown in Figure 3. The measured amplitudes are 
smaller than the calculated ones and the minima of the 
restoring arm exist at wave downslope near wave crests. 
This observation is applicable for various wave steepness, 
Froude numbers and heading angles. This means that the 



Froude-Krylov assumption cannot completely explain the 
wave effect on restoring arm. Here the Froude number of 
0.4877 in the heading angle of 0 degrees corresponds to 
exactly zero encounter frequency of the model to waves. 

The difference between the measured values and the 
Froude-Krylov component can be explained as follows. 
Since a centre of sectional under-water area moves in 
horizontal direction when a ship rolls, she has a 
hull-form-camber line, which is equivalent to camber line 
of the wing section. Therefore a lift force acts on a 
submerged hull with forward velocity in horizontal 
direction12-13. As a result, roll moment that reduces a 
righting moment is induced. Its schematic view is provided 
in Figure 4. The aft-end section is dominant for lift force 
according to a slender body theory 

14. When a centre of 
gravity of a ship is situated on a wave crest, the lift force is 
smaller because draught and added mass in lateral 
direction are smaller at the aft-end section. Thus, on a 
wave crest, this component in the restoring moment is 
larger than that in calm water. By contrast, when a centre 
of gravity of a ship is situated on a wave trough, the lift 
force is larger. Thus, on a wave trough, this component in 
the restoring moment is smaller. In addition, the attack 
angle of the hull-form-camber is smaller on a wave crest 
while the attack angle is larger on a wave trough at least 
for this wave length to ship length ratio. Therefore, the 
hydrodynamic lift due to the hull-form-camber reduces the 
wave effect on restoring arm. Here, however, the lift 
coefficient cannot be regarded as constant and can be done 
rather as a function of the Froude number because free 
surface effect on the coefficient is significant 

13. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 4: Schematic view of a hull-form-camber line and 
induced lift force and moment 
 

Based on the above thought and fitting to the 
measured results, the hydrodynamic component of the 
wave effect on restoring arm is modelled as follows:  
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Here the lift coefficient is assumed to change as the 
function of the wave elevation, the Froude number and 
heel angle. In addition, to consider wavelength to ship 
length ratio and heading angle, Grim’s effective wave 
concept is used 

15. In this formulation third order terms of 
waves are also taken into account for explaining the 
average value of the restoring arm because this value is not 
so small to be ignored. The wave effects on restoring 
moment can be obtained by adding the outcomes of above 
formula to the Froude-Krylov components. It is 
noteworthy that this formula can be applied only for the 
subject ship and applicability to other ships should be 
investigated in future. 
 

5. COMPARISONS BETWEEN NUMERICAL 
SIMULATIONS AND MODEL EXPERIMENTS 

 
The comparisons of numerical simulations between 

the enhanced mathematical model and the original one as 
well as the free running model experiments 

2 are carried out. 
For the numerical simulations, the initial values of state 
variables are estimated with the same procedure used for 
the ITTC benchmark testing 

3. 
Firstly, the comparison for the case that the ship 

experiences a periodic motion is shown in Figure 5. The 
absolute yaw angle calculated with the original model is 
much smaller than the measured one while with the 
enhanced model it is closer to the measured one. This is 
because the constant force is induced by the product of 
periodically varying manoeuvring coefficients and periodic 
lateral motions. This also improves prediction accuracy of 
other motions.  

G

hull-form-camber line

forward
velocity

lift force

Secondly, the comparison for the case of a ship 
suffering surf-riding and broaching is shown in Figure 6. 
The calculation with the original model provides shorter 
capsizing time than the experiment while with the 
enhanced model it shows longer capsizing time. In the 
calculation with the original model, the yaw angular 
velocity has been significant until capsizing. However, in 
that with the enhanced model, the ship seems to be on an 
unstable equilibrium at the time of 10 seconds and then 
capsizes with help of the reduction of transverse stability. 
The experimental results are similar to the latter model. 
Obviously the introduction of the wave effects on restoring 
arm realises this improvement. 

The comparison of boundaries of ship motion modes 
with the original model and present one is shown in Figure 
7. The procedure and the judging criteria used in this 
calculation can be found in the literature 

16. Here the each 
nominal Froude number of the experiment is not a 
specified value but the measured one in average because 
the propeller revolution was not completely constant 



during the experiment. In higher speed zone, the region of 
stable surf-riding obtained with the enhanced model is 
wider than that with the original one and the region of 
capsizing due to broaching is narrower. However, the 
boundaries between periodic motion and capsizing do not 
depend on the difference of the numerical model very 
much. Therefore, the higher order terms that discussed in 
this paper are not so very important for prediction of the 
capsizing boundaries themselves.  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 5: Comparison between the numerical results with 
the enhanced mathematical model and those with original 
one and experimental results with H/λ=1/10, λ/L=1.637, 
χ=-30 degrees and Fn=0.3 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 6: Comparison between the numerical results with 
the enhanced mathematical model and those with original 
one and experimental results with H/λ=1/10, λ/L=1.637, 
χ=-10 degrees and Fn=0.43 
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Figure 7: Comparison between numerical results with the 
enhanced mathematical model, those with original 
mathematical model and the experimental results with 
H/λ=1/10, λ /L=1.637 and the initial periodic state for Fn 
=0.1, χC=0 degrees 
 

6. EFFECTS OF NONLINEAR WAVE FORCES 
AND NONLINEAR SWAY-ROLL COUPLING 

 
Responding to these outcomes, we revisit prediction 

accuracy of wave forces, especially wave-induced surge 
force, because the calculated capsizing boundaries at zero 
heading angles correspond to the surf-riding threshold. 
Therefore, the comparisons of wave forces between 
experiment and theoretical prediction are carried out and 
those results are shown in Figures 8-9. As a result, 
agreement between the experiment and the calculation is 
fairly good as reported for a trawler before 

8 but some 
nonlinearily of the wave-induced surge force amplitude 
can be found. Then we obtained a correction curve by 
fitting to the ratio in amplitude between the measured 
value and linearly calculated one as shown in Figure 10. 
These nonlinear relationships between the surge force and 
the wave may consist of several hydrodynamic 
components discussed in Umeda 

17. By contrast, there is no 
significant nonlinearity in the wave-induced sway force 
and the wave-induced yaw moment as shown in Figures 
11-12. These also indicate that constant components due to 
the second order wave contributions are negligibly small. 
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Figure 8: Comparisons of wave-induced surge force 
between the experiment and the linear theory (left: 
H/λ=1/25, λ/L=1.5, χ= 0degrees, right: H/λ=1/15, λ/L=1.5, 
χ= 0 degrees) 
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Figure 9: Comparisons of wave-induced sway force and 
yaw moment between the experiment and the linear theory 
(left: H/λ=1/25, λ/L=1.5, χ =15 degrees, right: H/λ=1/15, 
λ/L=1.5, χ =15 degrees) 

 
 
 
 
 
 
 
 
 
Figure 10: The ratio of the measured wave-induced surge 
force amplitude to that of the linear theory where χ= 0 
degrees 
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Figure 11: The ratio of the measured wave-induced sway 
force amplitude to that of the linear theory (left: χ=15 

degrees, right: χ= 30degrees) 
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Figure 12: The ratio of the measured wave-induced yaw 
moment amplitude to that of the linear theory (left: χ=15 

degrees, right: χ= 30degrees) 

By considering the above-mentioned nonlinearity of 
the wave-induced surge force, the boundaries of ship 
motion modes are calculated. As a result, the calculated 
critical Froude number of capsizing becomes considerably 
larger and closer to the experimental one. However, it 
decreases in the range over 30 degrees of auto pilot course 
and this result does not correspond to experimental results 
even in qualitatively.  0 0.25 0.5 0.75 1-0.2
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By comparing contributions from all terms, we 
examine the dominant factors that lead to be such an 
outcome. As a result, we find that the nonlinearity of the 
vertical position of centre of sway force due to lateral 
motions with respect to drift angle, zH, e.g. sway-roll 
coupling effect, is not too small to be ignored while it is 
assumed to be linear so far. Then the correction curve is 
obtained by fitting to the experimental data in calm water 
as shown in Figure 13. Finally, the boundaries of ship 
motion modes with nonlinearity of the wave-induced surge 
force and that of zH taken into account are calculated, as 
shown in Figure 14. The newly obtained lower limit of 
capsizing is much closer to the measured results both in 
the original and the present model than the previous ones 
shown in Figure 7. These results indicate that the 
nonlinearity of sway-roll coupling could prevent an 
excessive heel due to large sway velocity at larger auto 
pilot course and is also important for more reasonable 
prediction. 
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Figure 13: The measured vertical position of centre of 
sway force due to lateral motions with respect to drift 
angle (symbols) with linear and nonlinear fitted curves 
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Figure 14: Comparison between numerical results with the 
nonlinear wave-induced surge force and the sway-roll 
coupling and the experimental results with H/λ=1/10,    
λ /L=1.637 and the initial periodic state for Fn =0.1, χC=0 
degrees 



7. CONCLUSIONS 
 

A mathematical model taking most of the second order 
terms with respect of waves into account is proposed with 
a series of captive experiments, and is compared with 
existing free running experiments. As a result, the 
following conclusions are provided: 

1. The wave effects on restoring moment cannot be 
always accurately estimated with the Froude-Krylov 
assumption, but can be supplemented with 
experimental results of varying hydrodynamic lift due 
to heel angle. 

2. By taking the second order terms of waves into 
account, prediction accuracy of the numerical 
simulation in time domain for ship motions in 
following and quartering seas is improved. 

3. The second order terms of waves are not so important 
to predict the capsizing boundaries themselves. 

4. Prediction accuracy of wave forces is generally good 
but nonlinearlity of the wave-induced surge force is 
found. 

5. Nonlinearity of the wave-induced surge force, as well 
as the nonlinear sway-roll coupling, improves 
accuracy of prediction on capsizing boundary to some 
extent. 
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